The neutron star tidal deformability is a critical parameter which determines the pre-merger gravitational-wave signal in a neutron star merger. In this article, we show how neutron star tidal deformabilities behave in the presence of one or two sharp phase transition(s). We characterize how the tidal deformability changes when the properties of these phase transitions are modified in dense matter equation of state (EoS). Sharp phase transitions lead to the smallest possible tidal deformabilities and also induce discontinuities in the relation between tidal deformability and gravitational mass. These results are qualitatively unmodified by a modest softening of the phase transition. Finally, we test two universal relations involving the tidal deformability and show that their accuracy is limited by sharp phase transitions.
I. INTRODUCTION
During the late stage (last few orbits) of binary neutron star inspiral, while tidal effects are the largest to measure, higher-order effects and nonlinear hydrodynamics become important that full numerical simulations or sophisticated waveform models are essential to best model the phase evolution. Flanagan and Hinderer [1, 2] pointed out that in the early part of the phase evolution, a small but clean signature is also measurable, which can be characterized by the EoS-dependent tidal deformability λ and Love number k 2 ; the tidal parameter λ remains the dominant source of EoS-dependent effects throughout the entire inspiral. A recent binary neutron star (BNS) merger event GW170817 detected by the LIGO-Virgo collaboration [3] placed the very first constraint on the dimensionless tidal deformability Λ for a 1.4 M neutron star by assuming a linear expansion of Λ(m), however in that analysis the EoS dependence of two individual neutron stars were treated uncorrelated. Employing the quasi-universal relation Λ a (Λ s , q) [4, 5] , Ref. [6] reanalyzed the data and claimed improved limits e.g. on the Λ value for a 1.4 M neutron star to be 70 ≤ Λ 1. 4 ≤ 580 (at 90% confidence level) for low spin priors, but possible phase transitions were not taken into account.
It has been confirmed that assuming individual neutron stars obey the same normal nuclear matter EoS, the weighted-average tidal deformabilityΛ in the binary as a function of the chirp mass M = (m 1 m 2 ) 3/5 /(m 1 +m 2 )
1/5
which can be accurately determined during the inspiral [3, 7] , is relatively insensitive to the unknown mass ratio q = m 2 /m 1 [8, 9] . In this paper, we investigate how the degeneracy is altered when a sharp first-order phase transition from normal nuclear matter to quark matter takes place in the interior of neutron stars, and determine the most sensitive phase transition parameter to tidal deformation in the binary. In Sec. II we describe properties of candidate EoSs applied in this work and their distinctive behavior in the speed of sound, followed by calculations of Love number and tidal deformability in Sec. III. We present in detail the formulae for the case where discontinuity in energy density (and the speed of sound) exists. Results of k 2 and Λ as a function of mass for candidate EoSs are given in Sec. IV, and we also expand discussions on the relevance to binary observables. In Sec. V we compare our work with previous work. Our conclusions are summarized in Sec. VI. Finally, exemplary plots depicting abrupt changes in tidal Love number and tidal deformability close to the onset of first-order phase transition can be found in Appendix A. Appendix B contains the setup of the generic EoS template that features possible phase transition at supra-nuclear density to quark matter.
We use units in which = G = c = 1.
II. PHYSICS INPUT/THEORETICAL FRAMEWORK
We consider three representative classes of equations of state: i) normal nuclear matter equations of state, ii) equations of state with sharp first-order transition from nuclear matter to quark matter at high density, and iii) equations of state for self-bound strange quark stars. In case ii) we also evaluate possible effects of smoothing near the phase boundary.
A. Nuclear matter equations of state
In order to show how our results depend on the nuclear matter equation of state used to describe lowdensity matter, we employ both the SFHo [10] and DBHF [11] EoSs. These are representative of EoSs with small or large values for the density derivative of the
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symmetry energy (L), respectively, and both of them are compatible with recent constraints inferred from the unitary Fermi gas [12] . Some basic properties of matter at the nuclear saturation density and of neutron stars without a phase transition are summarized in Table I . The speed of sound, a measure of "stiffness", as a function of baryon number density is shown in Fig. 1 . We assume the neutron star has a hadronic crust as described in Baym et al. [13] and Negele and Vautherin [14] . 
B. Template for hybrid EoSs with phase transitions
One can write the high-density EoSs with a first-order phase transition using the generic constant-sound-speed (CSS) parametrization [15] in terms of three parameters: the transition pressure p trans , the discontinuity in energy density at the transition ∆ε, and the speed of sound in quark matter c QM which is assumed density-independent. For a given nuclear matter EoS, the full CSS EoS is then (schematically see Fig. 2 )
(1) The CSS form can be viewed as the lowest-order terms of a Taylor expansion of the high-density EoS about the transition pressure. Following Ref. [15] , we express the three parameters in dimensionless form, as p trans /ε trans , ∆ε/ε trans (equal to λ − 1 in the notation of Ref. [16] ) and c 2 QM , where ε trans ≡ ε NM (p trans ). We use the term "hybrid star" to refer to stars with central pressures above the critical value p trans where the hadronic phase becomes energetically disfavored, and therefore contain a quark core. The part of the massradius relation that arises from such stars is the hybrid branch. For a sharp hadron/quark phase transition (Maxwell construction), there are four topologies of the mass-radius curve for compact stars: the hybrid branch may be connected to the hadronic branch (C), or disconnected (D), or both are present (B) or absent (A); see Fig. 18 in Appendix B taken from Ref. [15] . The quark matter EoS is specified by the transition pressure ptrans, the energy density discontinuity ∆ε, and the speed of sound in quark matter c QM (assumed density-independent).
To survey the impact that a single sharp phase transition has on the neutron star structure, we select 10 SFHo parameterizations and 13 DBHF parameterizations, all of which fulfill the 2 M maximum-mass constraint [17, 18] from pulsar observations. The values of the CSS parameters for these 23 EoSs are given in Table II . Although at asymptotically high densities all EoS should approach the (to be unity) and vary ptrans/εtrans and ∆ε/εtrans. The four regions are (A) no hybrid branch ("absent"); (B) both connected and disconnected hybrid branches; (C) connected hybrid branch only; and (D) disconnected hybrid branch only. The gray region refers to EoSs that are excluded by the 2 M constraint; black dashed curves are radius contours of the maximum-mass star on the hybrid branch (connected or disconnected). Set I, set II and set III of phase transition parameters from Table II TABLE II: Categories of hybrid EoS parameters applied in this work. Set I has broad variation of onset density for phase transition ntrans, set II focuses on ntrans between 1 ∼ 2 times nuclear saturation density, and set III is intended for better manifestation of both hybrid branches (connected and disconnected) on the mass-radius curve; see on the CSS phase diagram Fig. 3 .
QCD limit c 2 s ≈ 1/3 [19] [20] [21] , uncertainties of the speed of sound behavior at intermediate densities relevant are still large. In order to be compatible with the observational constraint M max ≥ 2 M , strong first-order phase transitions which substantially soften the transition region require a large speed of sound elsewhere in the star. Typically c 2 QM 0.5 is needed when the hadronic EoS is soft and c
QM
0.4 when the hadronic EoS is stiff, and for c 2 QM ≈ 1/3 even if the hadronic EoS is quite stiff almost no detectable hybrid configurations are present [15, 22] . In this paper, we principally assume that quark matter is maximally stiff (c 2 s = 1), aiming to derive a conservative limit. Fig. 3 shows the selected EoSs lead to three topologies described above (except "A" where stable hybrid branch is absent), depending on the value of p trans /ε trans (or equivalently n trans /n 0 ) and ∆ε/ε trans . Fig. 4 shows corresponding mass-radius relationship. Small radii and sufficiently high maximum masses are ordinarily obtained for hybrid EoS parameters in region "D" or "B", where low values of tidal response are anticipated due to its high sensitivity to the stellar radius R (see Eq. (5)).
In our results below, we also examine the impact that two sharp phase transitions have on the neutron star structure and the tidal deformability. Such an EoS might be realized in nature if nuclear matter is replaced by twoflavor color-superconducting (2SC) quark matter at moderate densities and color-flavor-locked (CFL) quark matter at the highest densities in the core [23] . The presence of an additional phase transition introduces three new parameters, in which the analytic form reads Table II . Black curves refer to purely-hadronic stars, and dash-dotted curves the strange quark stars specified by the linear EoS parameters B and c where p 1 ≡ p NM (n B = n trans,1 B ), and ε 1 ≡ ε NM (p trans ).
C. Bare (crustless) strange quark matter EoS
To study pure strange quark stars that are self-bound, we adopt a linearized EoS (Eq. (3)) where the pressure is zero below a few times nuclear saturation density
In bag models of very weakly interacting quarks, c 2 QM ≈ 1/3 and B is the bag constant. We choose c 2 QM between 1/3 (characteristic of very weakly interacting massless quarks) and 1 (maximal value consistent with causality) in order to scan extreme range of outcomes for quark matter.
III. CALCULATION OF THE LOVE NUMBER AND TIDAL DEFORMABILITY
To linear order, the tidal deformability λ that characterizes the response of the neutron star to external disturbance is defined by the ratio of the induced massquadrupole moment Q ij and the applied tidal field E ij
It is related to the l = 2 dimensionless tidal Love num-
where R and M are the radius and mass of the star, and Λ is the dimensionless tidal deformability. We follow the method developed in [2, 24] , the quantity k 2 can be expressed in terms of the compactness param-
where the quantity y is defined as y ≡ y(r)| r=R . The function y(r) satisfies the first-order differential equation [25] ry (r) + y(r) 2 + y(r)e λ(r) 1 + 4πr
Q(r) = 4πe λ(r) 5ε(r) + 9p(r) + ε(r) + p(r) dp/dε
with the boundary condition y(0) = 2. The metric coefficients λ(r) and ν(r) are given by
For spherically symmetric configurations, by choosing the equation of state ε(p) and the value of central pressure p cent , one can obtain the Love number and tidal deformability by solving simultaneously Eq. (7) and the Tolman-Oppenheimer-Volkoff (TOV) equations [26, 27] . In the presence of a finite energy density discontinuity, the last term in Eq. (7) involves a singularity ∝ (ε+p)/c 2 s , where c 2 s = dp/dε is the sound speed squared. This was first discussed by Damour & Nagar [24] addressing the surface/vacuum discontinuity for incompressible stars. Postnikov et al. [25] extended this approach to the context of possible first-order transitions inside the stars. To capture the delta-function behavior across the point of discontinuity
one needs to properly match the solutions of y(r) at r
and r
where ∆ε = ε(r
In the incompressible limit where the energy density is uniform (ε = const = ε 0 ) inside the star and vanishes outside the star, Eq. (11) is reduced to the matching condition at the surface y(R + ) = y(R − ) − 3. As a result, the energy density discontinuity at the sharp surface of bare self-bound strange quark stars (SQSs) leads to drastic change in the value of tidal Love number k 2 [24, 28] .
For normal hadronic matter models, the p(ε) curve is assumed to be smooth, except for an energy discontinuity at the crust/core interface of neutron stars. For strange quark stars which are surrounded by a thin nuclear crust, the exact nature of phase transition is unknown. Thus strange quark stars are good candidates to examine the effect on λ and k 2 values from discontinuous energy density at an interface. Postnikov et al. [25] first studied the crust/core transition in this case, which is characteristic of enormous ∆ε/ε trans (= 30 ∼ 10 5 ). They find that such a phase transition leads to an order of magnitude variation in λ, according to the treatment of the discontinuity (sharp or smoothed). They also find that the Love number of strange quark stars can be smaller or larger than that for hadronic stars. In this work, we elaborate on the generic behavior of the tidal deformability in the presence of hybrid stars, where phase transitions arise in the core region transforming normal nuclear matter into quark matter at supranuclear densities, with density discontinuity mostly being of order one (∆ε/ε trans 3), and compare the results with both purely-hadronic stars and self-bound strange quark stars. In Sec. IV A we show that the smaller radii and tidal Love numbers obtained in sharp first-order transition to a stiff quark phase (c 2 s ≈ 1) predict a new lower bound on the dimensionless tidal deformability of neutron stars.
Smoothing into a crossover
The discontinuity in c 2 s = dp/dε that enters the differential equation for tidal deformability calculations is essential for EoSs with sharp phase transitions, and here we introduce a regularized form that describes a crossover [29] 
where the nuclear matter EoS ε NM (p) and quark matter EoS ε QM (p) take the same form as in standard CSS parameterization Eq. (1). In the vicinity of the crossover region where p ∈ [p trans −δp, p trans +δp], the sound speed is changing rapidly. Applying the common calculation method of Love number and tidal deformability for the smooth EoS describing a crossover, one can numerically evaluate the solutions and observe the trend when the width of crossover δp is varied. The limiting case δp → 0 restores a true density discontinuity (sharp transition) in the EoS, for which matching condition at the phase boundary in Eq. (11) is necessary. To illustrate this with an example, we plot in Fig. 5 the hybrid EoS ε(p) with sharp hadron/quark interface specified by n trans /n 0 = 2.5, ∆/ε trans = 0.6 and c 2 QM = 1, along with its sound-speed squared as a function of the pressure c 2 s (p). The SFHo EoS is chosen as the hadronic part. We then compare them to three regulated smooth EoSs (crossover) setting δp = 0.2, 0.1, 0.05 in Eq. (12) respectively. In practice, a substantial (but still continuous) change in c 2 s similar to the RHS of Fig. 5 can be a precursor of phase transition in "realistic" quark models. We present results of the tidal parameters for rapid crossovers that mimic a discontinuity, and find that the generic trend exhibited does not change appreciably; see plots and discussion in Sec. IV A.
IV. RESULTS AND DISCUSSION
A. Love number and tidal deformability
As masses and tidal deformabilities are the measurable macroscopic quantities during binary inspirals from gravitational-wave observations, in Fig. 6 we plot tidal Love number k 2 and dimensionless tidal deformability Λ as a function of the neutron star mass, for the three classes of equations of state studied in this work.
For purely-hadronic EoSs, there is a small spread of k 2 values, and the trend with varying the mass are similar. For self-bound strange quark stars, the value of k 2 is larger, but tidal deformability is smaller because of their much smaller radii (see Fig. 4 ). In both cases, Λ(M ) is a smooth, monotonically decreasing function.
To analyze the effects of sharp first-order phase transition, we calculate and plot k 2 (M ) and Λ(M ) for the SFHo/DBHF+ CSS set I hybrid EoSs. When the central pressure of the star reaches above the critical pressure of phase transition p trans , k 2 and Λ decrease below the values which are obtained in a purely-hadronic star. This decrease is large enough that hadronic stars and hybrid stars will be distinguishable in future BNS merger events (see discussion in Sec. IV B). The behavior of k 2 and Λ in the DBHF-2SC-CFL and SFHo-2SC-CFL models discussed later in Sec. IV C shows the same trend, with two decreases which occur when the central pressure reaches the two phase transitions.
The rapid crossover that approximates a true discontinuity in the EoS gives rise to even lower values of Λ around the phase transition region (see dashed and dotted curves in Fig. 6 , panels (c) and (d)), but not as noticeable when the central density is much higher. This is due to the fact that for massive hybrid stars with large quark cores, global quantities such as tidal deformability FIG. 6 : (Color online) Love number k2 and dimensionless tidal deformability Λ based on SFHo/DBHF + CSS (set I) hybrid EoSs with sharp first-order phase transitions that the onset density varies extensively (ntrans = 1 ∼ 3.5 n0); dotted segments on the solid colored curves represent unstable stellar configurations. Black solid curves represent purely-hadronic EoSs, and dash-dotted lines exemplify self-bound strange quark stars (SQSs) specified by the linear EoS Eq. (3). In lower panels Λ(M ) for crossover phase transitions are also plotted, which lie below corresponding curves for sharp phase transitions; the widths of crossover are δp = 0.2 (dashed) and δp = 0.1 (dotted) respectively. Two gray arrows Λ = 1400, 800 correspond to the original upper bounds on the dimensionless tidal deformability for 1.4 M stars, with high (dashed) or low (solid) spin priors from gravitational-wave detection GW170817 [3] , while the vertical line with double arrowheads represents updated limits Λ1.4 = 190 +390 −120 given in most recent work [6] ; in both analyses the possibility of sharp phase transition was not taken into account. become insensitive to the exact nature of phase transition being sharp first-order or rapid crossover. Also, for smoothed EoSs with very short range of the crossover e.g. δp = 0.05 in Fig. 5 , the Λ(M ) relation is almost identical to those with sharp transitions and the curves are hardly visible, hence we choose not to show them on the plots. bound SQSs, as mentioned above, higher value of k 2 are compensated by smaller radii (see Figs. 6 and 4), resulting in Λ 1.4 that ranges from 60 ∼ 500 which is sensitive to its stiffness c Repeating the calculation for different values of n trans and ∆ε/ε trans , we show in panels (c) and (d) the Λ 1.4 contours for all hybrid EoSs with a single phase transition that can have quark cores in 1.4 M stars while M max ≥ 2 M . As can be seen from the plots, the minimal Λ 1.4 is associated with n trans = n 0 and extremely large ∆ε (the last EoSs of set I in Table II ). Also shown are the contours for maximum mass, indicating more severe constraints on quark matter if neutron stars heavier than 2 M were to be detected.
If the phase transition take place at low densities, e.g. 1 ≤ n trans /n 0 ≤ 2 for set II EoSs in Table II , most of the neutron stars we observe are likely to be above the onset mass M trans for phase transition, and accordingly the Λ(M ) relation on the hadronic branch is less relevant (see Fig. 8 ).
B. Binary merger observables
The weighted-average dimensionless tidal deformability is given bỹ Λ = 16 13
where m 1 and m 2 are the component masses in the binary system (m 1 ≥ m 2 ). A specific combination of m 1 and m 2 , the chirp mass M = (m 1 m 2 ) 3/5 /(m 1 + m 2 ) 1/5 , can be well determined from gravitational-wave signals detected [3] and is relatively insensitive to the mass ratio q = m 2 /m 1 [8, 9] .
Assuming both neutron stars in GW170817 obey the same EoS, we scan all possible combinations of the primary mass m 1 ∈ [1.36, Fig. 9 ; for all hybrid star configurations we fix c 2 QM = 1.
• Panel (a): purely-hadronic DBHF EoS, and DBHF + CSS with n trans /n 0 = 3.0 (M trans = 1.78 M ), ∆ε/ε trans = 0.4. Since the mass threshold M trans lies above the upper limit on the primary mass m 1 ∈ [1.36, 1.60] M , phase transition is not realized for both stars which constitute a normal "neutron star-neutron star" (NS-NS) binary. Despite bearing separate Λ(M ) relation on the massive hybrid branch (Fig. 6 ) that might be probed in post-merger observables, this hybrid EoS yieldsΛ(M) behavior indistinguishable from that based on purely-hadronic EoS. Note that DBHF predicting a narrow range ofΛ(M = 1.188 M ) ∈ [809.8, 816.3] is too stiff to be compatible with the LIGO constraint ≤ 800 (Λ = 300 +500 −190 ) [7] , which remains unaltered if there is a late onset of phase transition.
• Panel (b):
n trans /n 0 = 2.5 (M trans = 1.49 M ), ∆ε/ε trans = 0.7.
In this case the onset for phase transition is within the primary mass range m 1 ∈ [1.36, 1.60] M , thus depending on the mass ratio there can be "neutron starneutron star" (NS-NS) or "neutron star-hybrid star" (NS-HS) binaries. This is manifested in two separate bands −230 for the low-spin prior (using a 90% highest posterior density interval) [7] .The dark red band at the bottom refers to the "maximally compact EoS" for self-bound SQSs [30, 31] . If in the future more data from advanced LIGO of multiple BNS merger events were to provide a refined range estimate ofΛ for given chirp mass statistically, capable of distinguishing among different scenarios, we anticipate increasingly better constraint on the phase transition parameters and the quark matter EoS. Fig. 4 ) and Λ 1.4 ≈ 60 (Fig. 7) .
Also presented on this panel is the bottom (dark red) band calculated from the "maximally compact EoS" for self-bound SQSs [30, 31] , by setting coefficients in Eq. • Panel (d): purely-hadronic SFHo EoS, SFHo + CSS with selected parameter values, and maximally compact SQS. We list tidal properties in Table III. Note that for n trans /n 0 = 3.0 (M trans = 1.31 M ), ∆ε/ε trans = 0.3 (the second band (blue) from the top), onset mass for phase transition is within the range of the secondary mass m 2 ∈ [1.17, 1.36] M , thus depending on the mass ratio there can be 'neutron star-hybrid star" (NS-HS) or "hybrid star-hybrid star" (HS-HS) binaries.
A key finding here is a signature of strong phase transition by tidal effects if distinct separation between allowed ranges ofΛ were to be observed in multiple merger events. It was also suggested that for normal nuclear matter there is a quasi-universal correlationΛ ∝ (GM/R 1.4 ) 6 in the relevant mass range assuming a common radius [33, 34] .
To estimate to what extent the correlation is affected by phase transitions, we plot the quantity 20 Λβ 6 as a function of mass for a variety of hybrid EoSs in Fig. 10 , and find that its value can vary by as large as ∼ 20%. This variation combined with much wider spread in the hybrid star radii set bounds on the (Λ 2 q 6 /Λ 1 ) parameter [33, 34] in a binary system. [4] (gray dashed) and [32] (gray dash-dotted); "matched causal" stands for continuation to stiffest linear EoS from nuclear matter at saturation density without any energy discontinuity (ntrans = n0, ∆ε = 0, c 2 QM = 1) [35] . For light neutron stars 0.89 M (Ī 35), deviation from the analytical fits was discussed in Ref. [36] . For typical neutron stars 1.0 M , discrepancies are negligible. Panels (b) and (c): relative error |∆Ī|/Ī YY fit plotted against the neutron star mass for multiple SFHo/DBHF + CSS EoSs with ntrans 2n0; black dots refer to purely-hadronic stars.
C. I-Love universal relation and moment of inertia
In the slow-rotation approximation, the dimensionless moment of inertiaĪ = I/M 3 and the dimensionless tidal deformability Λ = λ/M 5 of neutron stars without phase transitions are related by EoS-independent universal relation to within 1% [37, 38] , for which we apply analytical fit functions in Ref. [4] (labelled "YY") and Ref. [32] (labelled "SLB"); see Eq. (14) . In panel (a) of Fig. 11 , we plot Λ andĪ for selected SFHo + CSS hybrid EoSs with high transition densities (n trans 2.0 n 0 ), and compare them to the two fit functions. As can be seen from the plot, the relative error in Λ(Ī) remains small. In fact, the largest error bands |∆Ī|/Ī YY fit for typical masses (1.1 − 1.6 M ) are acquired when transition densities are low (n trans 2.0 n 0 ), as depicted in panels (b) and (c). For both SFHo and DBHF nuclear matter that are applied in the parametrization, the maximal deviation is around |∆Ī|/Ī YY fit ≈ 2%, which doubles the value for all EoSs without sharp transitions.
D. Monte Carlo analysis
In addition to analyzing how phase transitions can modify the tidal deformability and the moment of inertia, it is helpful to assess how likely these modifications are using a Monte Carlo (MC) simulation. Following Ref. [23] , we then parametrize sequential nuclear → 2SC → CFL sharp transitions to two quark-matter phases (see Eq. (2)). There are in total six independent parameters as listed in Table IV : i) n trans,1 B is the baryon density at the transition pressure p 1 = p trans for nuclear → 2SC; ii) ∆ε 1 and ∆ε 2 are the two energy density jumps at two phase transitions; iii) ∆ε 2SC is the width of the 2SC phase; and iv) s 1 and s 2 are sound-speed squared for the 2SC and CFL phases respectively. We randomly select from these six parameters using the ranges outlined in Table IV , and remove all configurations where the maximum mass is below 2 M . For each point in the six-dimensional parameter space, we compute the gravitational mass, the radius, the moment of inertia, and the tidal deformability as a function of the central pressure in the neutron star. We also compute the moment of inertia using the Yagi-Yunes I-Love correlationĪ (Table IV) that give rise to the triplet configurations in Fig. 12 .
to the central density of a 2 M star. Fig. 12 displays the mass-radius relation and the tidal deformability as a function of mass for such configurations, where the stiffer DBHF EoS is applied. The high transition density n trans,1 B from hadrons to quarks implies that for typical component masses (1.1 − 1.6 M ) observed in a binary, quark matter is nonexistent even in the densest cores. As a result, during the pre-merger stage tidal deformabilities Λ 1 and Λ 2 (and other observables) are entirely determined by the nuclear matter EoS. By contrast, the postmerger remnant (if it survives as a supramassive or hypermassive neutron star) might attain densities above the phase transition threshold, and therefore gravitationalwave signatures during the post-merger stage potentially probe the densest quark matter [39, 40] .
If the onset mass for phase transition lies within the range of component masses, interpretation of the premerger detection can differ significantly (see Sec. IV B). In Fig. 13 we show Λ } obtained for EoSs with sequential phase transitions (excluding triplet configurations), and also tidal deformabilities of the maximum-mass stars Λ min . We find that hybrid EoSs with a strong nuclear → 2SC transition followed by a weak 2SC → CFL transition can lead to Λ min 1.4 ≈ 40. This is a possible scenario, given the smallness of the baryon number density discontinuities between different phases of quark matter compared to a larger jump expected at the hadron/quark interface. It in addition requires n trans,1 B = 1 ∼ 2 n 0 , and the tidal Love numbers k 2 and radii for corresponding 1.4 M stars are displayed in upper panels of Fig. 7 . In general, there is a cut-off on the threshold n trans,1 B to ensure M max ≥ 2 M if disconnected branches are present; see (red) crosses in Fig. 14 . We find that sequential phase transitions can augment the deviation from I-Love universal relation (Eq. (14)) up to |∆Ī|/Ī YY fit ≈ 9%, in excess of those based on purelyhadronic EoSs and self-bound quark EoSs ( 1%) [4, 32] , and hybrid EoSs with a single phase transition ( 3%) [41, 42] .
V. COMPARISON WITH OTHER WORKS
In the normal hadronic matter scenario, EoSs with very steep slope in the symmetry energy that relate to large stellar radii and large tidal deformabilities are ruled Table IV ; DBHF EoS is applied for the hadronic part. Blue pluses correspond to two connected branches (weak nuclear → 2SC → CFL transitions), and red crosses represent configurations with a disconnected branch (either nuclear → 2SC or 2SC → CFL transition being strong). Note that triplet configurations in Fig. 12 barely affect Λ1.4 due to their high transition densities (Mtrans 1.8 M > 1.4 M ), and they are from a much smaller parameter set variation that we do not show here.
out by observations, and predictions on the range of Λ for typical masses are model-dependent. Examples include relativistic mean-field (RMF) models [43] , models based on chiral effective field theory (EFT) [44] , piecewise polytropic EoSs [45] , and other parameterizations of the specific energy and symmetry energy [46, 47] et cetera. In this work, we choose two representative (soft/stiff) hadronic EoSs that are in fairly good agreement with currently available constraints.
Tidal deformation of compact stars with strange quark matter has been studied in various models [41, [48] [49] [50] [51] [52] [53] . Refs. [34, 46, [54] [55] [56] utilized phenomenological parameterization for a first-order phase transition similar to the CSS framework in the present paper; the recent work by Montana et al. [57] focused on constraining the "twinstar" configurations, of which the Maxwell construction followed the same procedure. Our results are consistent with most of the previous studies on a single phase transition (except for the lower limit Λ 1.4 > 35.5 at 2-σ level reported in Ref. [54] ), giving the conservative lower bound Λ 1.4 60 which is much smaller than that in the purelyhadronic case. Furthermore, we performed calculations for sequential nuclear → 2SC → CFL phase transitions with reasonable range of parameter values, which push down the minimum value of Λ 1.4 to around 40, and we for the first time clearly identify these minima are associated with a strong (large energy density discontinuity) phase transition around 1 ∼ 2 n 0 followed by a weak (small energy density discontinuity) phase transition at higher densities, not with the triplet configurations that require the first transition to set in fairly late (M trans 1.8 M ; see Fig. 12 ). Other exotic sources in the binary system such as boson stars [58] , vacuum energy [59] and dark matter [60, 61] have also been studied with regard to their tidal effects in the gravitational-wave signal, which are beyond the scope of this paper. We do not incorporate potential corrections due to the superfluid component in neutron stars as examined in Ref. [62] , where no crust model was included.
Apart from gravitational-wave detections, there are a plenty of analyses extracting constraints on EoS properties from electromagnetic post-merger data with the assistance of numeric relativity simulations. By relating the black hole formation time in the merger and remnant disk plus dynamic ejecta masses to the tidal parameter, a lower bound on the combined tidal deformabilitỹ Λ 400 was derived [8] . To explain the kilonova, modeling the light curves and spectra of AT2017GFO with fits between the ejecta mass and source properties suggests a more conservative boundΛ 197 [63] . Ref. [64] argued that the BNS merger in GW170817 formed a short-lived hypermassive neutron star before collapsing to a black hole (which was confirmed later by separate work e.g. in Ref. [65] ), and to be consistent with the ejected rotational energy inferred from the electromagnetic emission, an upper limit was placed on the neutron star maximum mass M max 2.17 M . We anticipate these bounds onΛ and M max from modeling to be updated for the separate Blue pluses correspond to two connected branches (weak nuclear → 2SC → CFL transitions), and red crosses represent a disconnected branch (either nuclear → 2SC or 2SC → CFL transition being strong). For SFHo we also show examples with both transitions being strong (two disconnected branches) for which the parameter space is rare.
class of hybrid EoSs with phase transitions once finitetemperature effects are appropriately incorporated. Our predictions based on zero-temperature EoSs already provide robust constraints on the high-density quark matter parameter space (see e.g. Fig. 7 and Fig. 9 ).
VI. CONCLUSIONS AND OUTLOOK
In this work we calculated the dimensionless Love number k 2 and dimensionless tidal deformability Λ for normal neutron stars, strange quark stars and hybrid stars with sharp quark/hadron phase transitions using the modelindependent "constant-sound-speed (CSS)" parametriza-tion. We evaluated the weighted-average tidal deformabilityΛ at given chirp mass M in a binary system, assuming that both stars are governed by the same equation of state. In particular, we investigated its sensitivity to phase transition parameters, hoping that future gravitational-wave detections with improved resolution could rule out certain parameter space for quark matter.
The role of speed of sound in dense matter and neutron star properties were stressed recently [21, 66, 67] , and we apply a generic classification of EoSs with regard to their sound-speed behavior as following: i) c 2 s (p) is monotonically increasing and smooth, which is the case for numerous hadronic EoS models with the common feature that, tidal properties are in general mostly sensitive to the slope of symmetry energy S 0 at saturation density, the quantity L, or equivalently the radius of a 1.4 M star R 1.4 .
ii) c 2 s (p) undergoes some abrupt discontinuity which induces a singularity in its inverse. For self-bound quark stars with a bare surface, k 2 generally has much larger values but Λ is reduced due to the very small radius attained (Λ ∝ R 5 ). For hybrid stars with a sharp hadronquark interface, strong discontinuities in both k 2 and Λ occur only over a small range in masses, and at high density k 2 (M ) and Λ(M ) notably deviate from the smooth curves in the purely-hadronic case.
iii) c 2 s (p) is smooth but varies rapidly in a short range of pressures, which typically indicates special forms of phase transition in realistic models. We show that smoothing of the sharp first-order phase transition to a rapid crossover does not affect tidal properties significantly.
We find that the smallest value of the dimensionless tidal deformability for a neutron or hybrid star (if not a bare strange quark star) with typical mass is given by a sharp phase transition immediately above nuclear saturation density (n trans = n 0 ), transforming from soft nuclear matter to stiff quark matter. Sequential phase transitions could further lower this limit. The new minimum of Λ 1.4 we obtained is ≈ 60 for EoSs with one phase transition, and ≈ 40 for those with two sequential phase transitions. We followed by demonstrating the prospects for distinguishing NS-NS, NS-HS and HS-HS binary mergers, and it turns out that n trans is the primary parameter. Since increasing the phase transition threshold n trans to densities above n 0 would merely result in larger values of the lower bound on Λ 1.4 , refined constraints on nuclear EoS uncertainties at 1 ∼ 2 n 0 from either experiment or theory is crucial for eliminating certain quark EoS parameter space. It is worth mentioning that in order to rescue the possible contradiction with low-density neutron skin measurement, a not-too-high n trans is inevitable [43] .
We test two universal relations, i.e. Λ ∝ β 6 and the Yagi-Yunes I-LoveĪ(Λ) correlation, and show that their accuracy can fail more than has been anticipated previously because of the sharp phase transitions. Possible sequential phase transitions e.g. nuclear → 2SC → CFL can aggravate the deviation from universality, which is contingent on the choice of parameter values. We confirm that in this case triplet configurations are relatively rare even with a parameterization optimized to produce them, and that they depend on a stiff hadronic EoS with M trans close to 2 M . The underlying physics sensitive to other observables such as dynamic twin-star oscillation/minicollapse that obeys baryon number conservation or the rapid rotation effects [68] is not covered in this work, and we believe it warrants further investigation in the future.
Here we enlarge on hybrid stars with central pressure slightly higher than the phase transition pressure, yielding masses close to that of the heaviest purely-hadronic stars (M = M trans ). Their tidal properties are shown in Fig. 15 and Fig. 16 , with the hadronic part being SFHo and DBHF EoS respectively. The phase transition parameters are the same as in set I of Table II (excluding the cases with n trans = n 0 ). These hybrid EoSs are represented by asterisks, lying in regions "D", "B" and "C" on the CSS phase diagram Fig. 3 , and their mass-radius curves can be found in panels (a) and (b) of Fig. 4 . For zoomed-out versions of k 2 (M ) and Λ(M ), see Fig. 6 .
In Fig. 15 and Fig. 16 , the vertical dotted lines connect the endpoint of the stable hadronic branch with M = M trans at p cent = p trans , to the beginning of a possible hybrid branch being stable (dM/dp cent > 0, solid) or unstable (dM/dp cent < 0, dashed). This shows that an infinitesimal quark core invariably boosts the tidal Love number and tidal deformability, and then i) if the initial hybrid star is stable, k 2 and Λ continue decreasing with the mass but along the curve for hybrid stars instead of that for hadronic stars, or ii) if the initial hybrid star is unstable, it collapses with mass decreasing while the central pressure increases, until reaching the stable branch at dM/dp cent > 0 and resumes the evolution of i).
Under certain circumstances there exist two separated stable hybrid branches, one connected to and the other disconnected from the hadronic branch. This "both" scenario illustrated in Fig. 18 is realized for EoSs in the "B" region of Fig. 3 , and it occurs more readily (i.e. those regions are larger) if the nuclear matter is stiff. We add three more plots showing tidal properties of such configurations in Fig. 17 , with DBHF + CSS parameters in set III EoS of Table II. For hybrid EoSs in the "B" or "D" region, at some mass close to the phase transition point there can be multiple values of the radius R, tidal Love number k 2 and tidal deformability Λ, among which the lengths of intervals depend on the phase transition parameters. However, one should keep in mind that the range of masses that different branches overlap with each other are usually tiny, of order 10 −2 ∼ 10 −3 M (see discussion in Ref. [15] ), making the sophisticated change in tidal properties nearly impossible to detect. Heavier stars with a sizable quark core themselves, are in principle easily distinguishable from purely-hadronic ones due to the visible decrease in their tidal deformabilities (see Fig. 6 and Fig. 9 ).
Appendix B: Constant-sound-speed (CSS) template for hybrid star configurations
The CSS parametrization is applicable to high-density equations of state for which (a) there is a sharp interface between nuclear matter and a high-density phase which we will call quark matter, even when we do not make any assumptions about its physical nature; and (b) the speed of sound in the high-density matter is pressureindependent for pressures ranging from the first-order transition pressure up to the maximum central pressure of neutron stars.
Here we briefly recapitulate (see, e.g., Ref. [70] ) the construction of a thermodynamically consistent equation of state of the form in Eq. (1) ε (p) = ε 0 + 1 c 2 p .
We start by writing the pressure in terms of the chemical potential .
Note that we have introduced an additional parameter A with mass dimension 3 − β. The value of A can be varied without affecting the energy-pressure relation (B1). When constructing a first-order transition from some low-pressure EoS to a high-pressure EoS of the form (B1), we must choose A so that the pressure is a monotonically increasing function of µ B (i.e. so that the jump in n B at the transition is not negative). The derivative with respect to µ B yields n B (µ B ) = (1 + β) A µ β B
and using p = µ B n B − ε, we obtain the energy density Table II ; see also Fig. 3 left panel) , due to the singularity in 1/c 2 s = dε/dp, both k2 and Λ are discontinuous; above ptrans, solid (dashed) curves represent stable (unstable) hybrid configurations. From left to right, four EoSs give rise to "Disconnected", "Both", "Connected", and "Connected" scenarios of mass-radius in Fig. 18 . Table II ; see also Fig. 3 right panel) , due to the singularity in 1/c 2 s = dε/dp, both k2 and Λ are discontinuous; above ptrans, solid (dashed) curves represent stable (unstable) hybrid configurations. From left to right, four EoSs give rise to "Disconnected", "Disconnected", "Connected", and "Connected" scenarios of mass-radius in Fig. 18 . Table II ; see also Fig. 3 right panel) , due to the singularity in 1/c 2 s = dε/dp, both k2 and Λ are discontinuous; above ptrans, solid (dashed) curves represent stable (unstable) hybrid configurations. All three EoSs give rise to the "Both" scenario of mass-radius in Fig. 18 . In (a) the hybrid branch is absent. In (c) there is a connected branch. In (d) there is a disconnected branch. In (b) there are both types of branch. In realistic neutron star M (R) curves, the cusp that occurs in cases (a) and (d) is much smaller and harder to see [16, 69] . Adapted from Ref. [15] .
